ABSTRACT. We show that every closed oriented smooth 4-manifold admits a complete singular Poisson structure in each homotopy class of maps to the 2-sphere. The rank of this structure is 2 outside a small singularity set, which consists of finitely many circles and isolated points. The Poisson bivector vanishes on the singularities, where we give its local form explicitly.
INTRODUCTION AND RESULTS
What is the most prevalent geometric structure available on a smooth 4-manifold? Symplectic 4-manifolds have been given a precise description in terms of Lefschetz pencils, beginning with the seminal work of S.K. Donaldson in [6] . The notion of symplectic Lefschetz fibrations was then extended to include singularities along circles in [3] . These fibrations are now known as broken Lefschetz fibrations. The existence of such structures on closed 1 smooth oriented 4-manifolds has been shown in [1, 4, 12] . Every smooth, oriented, closed 4-manifold admits a broken Lefschetz fibration. Our contribution here is to show the existence of a Poisson structure of rank 2 whose symplectic leaves (as fibres) and singularities coincide precisely with those of a broken Lefschetz fibration. We thus obtain: Theorem 1.1. Let X be a closed oriented smooth 4 
-manifold. Then on each homotopy class of map from X to the 2-sphere there exists a complete Poisson structure of rank 2 on X whose associated Poisson bivector vanishes only on a finite collection of circles and isolated points.
The proof proceeds by explicitly constructing a Poisson bi-vector on neighbourhoods of the singularities of an arbitrary broken Lefschetz fibration. The corresponding pieces are then glued together to endow X with a global Poisson structure. This construction is carried out in section 3.
A result by Vaisman [15] , that is quoted in this text as Theorem 2.3, gives general conditions under which a Poisson structure exists with a given symplectic foliation (which is allowed to be non-regular). We use this result in Proposition 3.5 to construct the Poisson structure on X away from the singularities. However, we did not find a straightforward way to define a Poisson structure on all of X using solely that result since the singularities need to be handled with care. The precise construction of the Poisson structure in the vicinity of the singularities is given in coordinates in sections 3.1 and 3.2.
Our construction equips the fibres (both singular and regular) of the broken Lefschetz fibration with a symplectic form away from the singularities. These symplectic forms approach infinity close to the singularities (since the Poisson structure approaches zero). The precise rate at which this happens is explained in Section 4. This contrasts with near-symplectic constructions on broken Lefschetz fibrations, where the opposite phenomenon occurs. Namely that the closed near-symplectic 2-form vanishes on the singular circles.
Notice that every oriented 2-manifold admits a symplectic structure and hence a Poisson structure. For dimension three, it was shown in [10] that every closed oriented 3-manifold admits a regular rank 2 Poisson structure. In dimension 4 only symplectic manifolds can have rank 4 Poisson structures. As we pointed out, there is a close relationship between symplectic 4-manifolds and Lefschetz fibrations. So our construction provides families of Poisson bi-vectors of rank 2 on general closed oriented 4-manifolds that in some sense possess the smallest singular sets possible.
A noteworthy consequence of our main result, due to M. Kontsevich [11] , is that every closed oriented smooth 4-manifold admits a deformation quantization on each homotopy class of map to the 2-sphere.
In the next section we recall the relevant definitions and conventions that we work with.
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2. DEFINITIONS 2.1. Poisson manifolds. We give a short review of the standard definitions and we present some results from the field of Poisson geometry that will be needed in the sequel. (ii) {·, ·} is a derivation in each factor, that is,
A manifold M endowed with a Poisson bracket is called a Poisson manifold. The class of Poisson morphisms on M is given by the so-called Poisson maps defined below.
Definition 2.2. A smooth map
The most basic and fundamental example of a non-trivial Poisson manifold is a symplectic manifold (M, ω). The bracket on M is defined by
Recall that the Hamiltonian vector field X h is defined through the relation i X h ω = dh and similarly for X g . The Jacobi identity for the bracket follows from the property of ω being closed.
The derivation property (ii) in Definition 2.1 allows one to extend the notion of Hamiltonian vector fields beyond the symplectic setting. Given a function h ∈ C ∞ (M ) we associate to it the Hamiltonian vector field X h , that is defined as the following derivation on C ∞ (M )
It is a simple exercise to show that in a symplectic manifold the Poisson and symplectic definitions of Hamiltonian vector fields are consistent.
Another consequence of (ii) is that the bracket {g, h} only depends on the first derivatives of g and h. Hence there exists a bundle map B : T * M → T M such that X h = B(dh). We may also think of B as defining a contravariant antisymmetric 2-tensor π on M such that
Note that π is a section of Λ 2 T M , i.e. π is a bivector field. It is common to refer to π as the Poisson tensor. In local coordinates (x 1 , . . . , x n ) we can represent
The Jacobi identity for the bracket implies that π satisfies an integrability condition which in local coordinates is a system of first order semilinear partial differential equations for π ij (x). It can also be expressed intrinsically as [π, π] = 0, where π is the Schouten-Nijenhuis bracket of multivector fields [15] .
In the sequel we will often say that the Poisson bivector π is the Poisson structure on the manifold M and talk about the Poisson manifold (M, π).
The rank of the Poisson structure (M, π) at a point p ∈ M is defined to be the rank of B p : T * p M → T p M . In local coordinates it is the rank of the matrix π ij (x). The image of B p is a subspace D p ⊂ T p M . The collection of these subspaces as p varies on M defines the so-called characteristic distribution of the Poisson manifold (M, π). Note that, at every point, the rank of the characteristic distribution is even and coincides with the rank of the Poisson structure.
The celebrated Symplectic Stratification Theorem states that the characteristic distribution of any Poisson manifold is integrable. Denote by Σ p the even dimensional leaf of the corresponding foliation of M passing through the point p ∈ M . One can characterize Σ p as the set of points in M that can be joined with p with a piecewise smooth curve, each of which is a trajectory of a locally defined Hamiltonian vector field. The Symplectic Stratification Theorem also guarantees that Σ p is an even dimensional immersed submanifold of M that carries a symplectic structure ω Σp . Moreover, the theorem asserts that the Poisson bracket {·, ·} ω Σp on Σ p induced by ω Σp coincides with the "restriction" of {·, ·} to Σ p . More precisely, if g, h ∈ C ∞ (Σ p ) then, for any z ∈ Σ p we have
whereg,h are arbitrary smooth extensions of g, h to M .
Note that
p M that correspondingly map to u p and v p by B p . We then have
The set Σ p is called the symplectic leaf through p and in this way we obtain a foliation of M by symplectic leaves.
The following theorem appears in Chapter 2 of [15] and will be important in our construction. Theorem 2.3 (Theorem 2.14 of [15] ). Let M be a differentiable manifold, and S(M ) a general foliation such that
Then M has a unique Poisson structure whose symplectic foliation is S(M ).
Using this theorem we will now show the following. Proof. Let µ be an orientation of M . That is, µ is a non-vanishing 4-form on M , and let Φ be the pull-back of an orientation of N by f . So Φ is a non-vanishing, yet degenerate, 2-form on M . There exists a unique 2-form β on M such that
Such β is called the quotient of µ by Φ. The existence of such β can be justified as follows. Consider local coordinates (x, y, z, w) on a small connected neighbourhood of M that are adapted to the submersion f . That is, locally
In this coordinates we have
for certain smooth non-vanishing functions g and k. Then β is uniquely given by
This shows the local existence and uniqueness of β. Using a partition of unity the result is also global since β is characterized by the intrinsic condition (2.3).
Note that the restriction of β to the pre-images of f : M → N endows them with a symplectic structure. We will now apply Theorem 2.3 to show that there is a unique Poisson structure on M whose symplectic foliation is given by the pre-images of f equipped with the restriction of β.
Let h ∈ C ∞ (M ). The vector field X h defined in item b) of the statement of Theorem 2.3 has the local expression
Hence it is smooth and by Theorem 2.3 the result follows.
In general, the rank of a Poisson structure is not constant and hence the leaves of the symplectic foliation will have different dimension. We shall say that a Poisson structure is regular if its characteristic distribution is regular which implies that dimension of all of its leaves is constant. The constant dimension of the leaves will be called the rank of the corresponding regular Poisson structure.
It follows that if k is a Casimir then X k = 0. Equivalently, a Casimir k is characterized by the condition that B(dk) = 0.
Definition 2.6. A Poisson manifold M is said to be complete if every Hamiltonian vector field on M is complete.
Notice that M is complete if and only if every symplectic leaf is bounded in the sense that its closure is compact.
For future reference, we state the following proposition that contains a well-known property of the symplectic leaves. It will be useful to determine the symplectic foliation of the Poisson brackets that will be constructed in Sections 3.1 and 3.2.
Proposition 2.7. Let Σ p be the symplectic leaf through p. Then, the Casimirs of the bracket are constant along Σ p .
Finally, we state and prove the following two lemmas that will be useful in the proof of Theorem 1.1.
Lemma 2.8. Let (M, π) be a regular rank 2 Poisson manifold and g ∈ C ∞ (M ) be any non-vanishing function. Then (M, gπ) is a regular rank 2 Poisson manifold and the leaves of its symplectic foliation coincide with the leaves of the symplectic foliation of (M, π).
Proof. Since the function g does not vanish, for any p ∈ M the image of the linear map B p : T * p M → T p M defined by the tensors π and gπ is the same. Therefore, both tensors have the same characteristic distribution which is integrable since π is Poisson. Moreover, this is a regular rank 2 distribution by the assumption that π is regular of rank 2. Therefore both brackets admit the same foliation by 2-dimensional leaves.
From the above considerations it follows that gπ is Poisson. Indeed, any bivector field of rank 2 and integrable characteristic distribution must be Poisson. This is because each leaf of the corresponding foliation carries a nondegenerate 2-form which varies smoothly from leaf to leaf. This 2-form is automatically closed since the leaf is 2-dimensional. In this case, the leafwise 2-forms being closed is equivalent to the Jacobi identity. 
Proof. We consider local coordinates (x, y, z) adapted to the common symplectic foliation. Here x, y are coordinates on the 2-dimensional leaves, and z = (z 1 , . . . , z m ) are transversal coordinates. Then, locally
for some non-vanishing functions
Broken Lefschetz fibrations.
Before defining the concept of broken Lefschetz fibrations we will say a word about Lefschetz fibrations. A Lefschetz fibration on a simply connected 4-manifold X is a smooth map f : X → S 2 whose generic fibre is a surface. The map f is allowed to have isolated critical points, known as Lefschetz singularities, which are modeled in local FIGURE 1. Example of a Lefschetz fibration
. Regular fibres are smooth, but singular fibres present an isolated nodal singularity.
A Lefschetz pencil on a 4-manifold X is a map f : X \ B → S 2 , which is not defined at a finite number of base points {b 1 , . . . , b m } = B. Around each base point, f is modeled in local complex coordinates by f :
The fibres of f are punctured surfaces, to which one adds the base points to obtain closed surfaces, called the fibres of the pencil. Near a base point, a piece of a fibre looks like the slicing of C 2 into complex planes passing through the origin. If one blows up a Lefschetz pencil at all its base points, then one obtains a Lefschetz fibration. In Figure 1 , we can see an example of a Lefschetz fibration with generic fibre the 2-torus. As the regular fibre approaches the singular Lefschetz point, the vanishing cycle shrinks to a point. Over the critical values the fibre presents an isolated singularity. However, outside the singularities all fibres are T 2 . The figure also depicts the monodromy phenomena. Start with a generic fibre over a regular value. Go around a singular point in a closed loop. This action accounts for a positive Dehn twist along the vanishing cycle on the regular fibre (see the lectures by Seidel and Smith in [2] ).
Lefschetz fibrations are closely related to symplectic structures. The work of Donaldson and Gompf shows that Lefschetz fibrations are in direct correspondence with symplectic 4-manifolds. Symplectic 4-manifolds admit Lefschetz fibrations, up to blow ups. Furthermore, given a Lefschetz fibration on a smooth oriented 4-manifold with a suitable cohomology class, it is posible to construct a symplectic structure on the total space with symplectic fibres [6] .
Auroux, Donaldson and Katzarkov introduced a second type of singularity to the Lefshetz fibrations to study a larger class of smooth 4-manifolds that are non-symplectic. These mappings are known as broken Lefschetz fibrations or BLF. This terminology was introduced by Perutz in [14] . By a BLF, we understand a submersion f : X → S 2 with two types of singularities: isolated points (Lefschetz singularities) and circles (indefinite folds). 
which are locally modeled by complex charts 
). The term indefinite in (ii) refers to the fact that the quadratic form −x 2 1 + x 2 2 +x 2 3 is neither negative nor positive definite. In the language of singularity theory, these subsets are known as fold singularities of corank 1. Since X is closed, Γ is homeomorphic to a collection of disjoint circles. For this reason, throughout this work, we will often refer to Γ as singular circles. On the other hand, we can only assert that f (Γ) is a union of immersed curves. In particular, the images of the components of Γ need not be disjoint, and the image of each component can self-intersect.
On a normal neighbourhood of a circle within Γ we have a splitting of R 3 × S 1 → S 1 into a real line bundle over S 1 and a rank 2 bundle over S 1 . There are two homotopy classes of such splittings, orientable and nonorientable ones [9] . Thus, there are two models, a product S 1 × B 3 which is orientable, and a non-orientable model given by the quotient of S 1 × B 3 by an involution that reverses the orientations on both summands of the splitting, for example (θ,
Figure 2 depicts an example of a broken Lefschetz fibration. This example considers only one singular circle. The image of this circle under f is shown at the equator of the 2-sphere. Over the northern hemisphere of S 2 the fibres are genus 2 surfaces. Crossing the image of the singular circle amounts to a change in the topology of the fibre. The fibres on the southern hemisphere are tori. On each hemisphere there is one Lefschetz singular point, where the fibre has an isolated nodal singularity.
Remark 2.11. In general fold singularities can generate disconnected regular fibres. However, it was shown in [4] that, after a homotopy, the fibres of a BLF may be assumed to be connected.
Remark 2.12.
A priori, the singularities of a BLF can appear in a complicated way. The circles of folds could intersect each other or the Lefschetz points could lie between the circles. Nevertheless, it is possible to obtain a BLF with a simple representation. These are called simplified broken Lefschetz fibrations, which is a BLF f : X → S 2 with only one circle of indefinite FIGURE 2. A diagram depicting a broken Lefschetz fibration with one circle of folds and two Lefschetz singularities folds whose image is on the equator, and with all critical Lefschetz values lying on one hemisphere. Corollary 1 of [16] provides an existence result for a simplified broken Lefschetz fibration in any homotopy class of maps from a smooth 4-manifold to the 2-sphere, which in turn relates to results from [12] and [5] .
3. PROOF OF THEOREM 1.1 Let X be a closed smooth oriented and connected 4-manifold, and f : X → S 2 a broken Lefschetz fibration. In the following steps we will construct Poisson structures around the various pieces that make up X in terms of the BLF f .
3.1.
Step 1: Poisson structure near Lefschetz singularities. Consider a neighbourhood B 4 around a Lefschetz singularity diffemorphic to the 4-ball in R 4 , with coordinates (x 1 , y 1 , x 2 , y 2 ). Let o ∈ B 4 be the center of the ball, which maps to the origin in R 4 . We are interested in finding a Poisson structure π C in B 4 with the following properties: (π C -1) The rank of π C is 2 everywhere in B 4 except at o where the rank drops down to 0. (π C -2) The following functions
are Casimirs of π C . We indicate that C 1 and C 2 are the real and imaginary parts of the parametrization function ϕ : C 2 → C given by
, where z j = x j + iy j . This is the local model for a BLF in a neighbourhood of a Lefschetz singularity as was described in item (i) of Definition 2.10.
Suppose the existence of a Poisson structure π C satisfying (π C -1) and (π C -2). As a consequence of Proposition 2.7, the symplectic leaves of π C can be completely described in terms of the joint level sets
where c 1 , c 2 ∈ R, as follows:
• The point o is a 0-dimensional symplectic leaf of π C , and the connected components of L 0,0 \{o} are 2-dimensional symplectic leaves which are not closed in the set theoretic sense. In fact, from the particular form of the functions C 1 , C 2 one can show that the set L 0,0 \ {o} has two connected components.
Existence of a Poisson structure satisfying (π C -1) and (π C -2) is established by the following. 
defines a Poisson structure on B 4 that satisfies (π C -1) and (π C -2).
Proof. The given bivector has the following matrix representation with respect to the ordered basis {
A direct calculation shows that the vectors
are null vectors of T . This shows that C 1 and C 2 are Casimir functions since the above are vector representations of their differentials with respect to the dual basis {dx 1 , dy 1 , dx 2 , dy 2 }. Moreover, the matrix T is equal to the zero matrix if and only if x 1 = y 1 = x 2 = y 2 = 0. Therefore, the rank of π C is two everywhere in B 4 except at the origin o where the rank drops to zero. To finish, it only remains to show that π C satisfies the Jacobi identity. From its definition we read off the brackets of the coordinate functions:
. Using these expressions one can show that the Jacobi identity holds for the coordinate functions by a direct calculation.
Since (x 1 , y 1 , x 2 , y 2 ) are local coordinates around a Lefschetz singularity p j ∈ X for the BLF f : X → S 2 we have shown the following. 
iii) For every p ∈ C, the intersection of the singular fibre F p with U C is the disjoint union of the zero dimensional leaf {p} with two 2-dimensional symplectic leaves of π C (upper and lower parts of a cone).
The proof is a consequence of the identification of the fibres of the BLF f : X → S 2 with the joint level sets L c 1 ,c 2 via the local chart (x 1 , y 1 , x 2 , y 2 ) around each point p in C.
3.2.
Step 2: Poisson structure near singular circles. Let U Γ be a sufficiently small tubular neighbourhood of Γ. So that U Γ is the disjoint union of small tubular neighbourhoods about each singular circle in Γ. We proceed in analogy with the previous section to construct a Poisson structure in the vicinity of one singular circle of a BLF f : X → S 2 . First we consider the case when the normal bundle of this circle in Γ is orientable. We will exhibit a Poisson structure π Γ on S 1 × B 3 with coordinates (θ, x 1 , x 2 , x 3 ) such that the symplectic leaves of π Γ are
• The 2-dimensional leaves described by the conditions
• The 0-dimensional leaves consisting of the points in S 1 × {0}.
• The 2-dimensional, set-theoretically non-closed, leaves described by the conditions
In particular notice that the set
is the disjoint union of two 2-dimensional symplectic leaves and the point (θ 0 , (0, 0, 0)) that is a 0-dimensional leaf. A Poisson structure on the connected component of U Γ which contains this circle is given by
This bivector π Γ satisfies the above properties. Notice that this structure can be interpreted as a linear Poisson structure in R 3 . Hence, it is dual to the Lie algebra structure of real dimension 3 possessing the following commutation relations between the basis elements e 1 , e 2 , e 3 : This Lie algebra is isomorphic to sl(2, R). Therefore, π Γ is the product Poisson structure of S 1 equipped with the zero Poisson structure and B 3 equipped with the Lie-Poisson structure of sl(2, R) * with an appropriate basis identification. When the normal bundle of a circle in Γ is not orientable, we still have a coordinate description in terms of the quotient by the action of Proof. Let g, h ∈ C ∞ (S 1 × B 3 ). We have with all derivatives evaluated at ι(θ,
On the other hand,
with all derivatives evaluated at (θ, x 1 , x 2 , x 3 ). However, by the chain rule
and similarly for k. Hence {g, h} • ι = {g • ι, h • ι} as required.
The above proposition implies that the bracket defined by π Γ descends to the quotient of the product S 1 × B 3 by the action of ι. Therefore, we have a well defined Poisson structure π Γ on every component of U Γ , regardless of whether the normal neighbourhoods in U Γ are orientable or not.
In analogy with Proposition 3.2, interpreting (θ, x 1 , x 2 , x 3 ) as coordinates on a neighborhood of a circle singularity in Γ ⊂ X of a BLF f : X → S 2 , we have 
3.3.
Step 3: Existence of a Poisson structure away from the singularities. We shall now prove the following. 
Here U C and U Γ are the tubular neighbourhoods that appear in Propositions 3.2 and 3.4.
Proof. Let V p be a neighbourhood of an isolated Lefschetz singularity p ∈ C ⊂ X that satisfies V p ⊂ U C and let V C = ∪ p∈C V p . Similarly, let V Γ be a union of tubular neighbourhoods of circle singularities in Γ ⊂ X such that V Γ ⊂ U Γ . We define the region W ⊂ X as :
Here the bar denotes the topological closure. Notice that f | W : W → f (W ) ⊂ S 2 has no singularities. The result now follows by applying Proposition 2.4 to the surjective submersion f | W .
3.4.
Step 4: Definition of a global Poisson structure on X. We will now define a global Poisson structure Π on X whose symplectic foliation is related with a given BLF f : X → S 2 in the following way. The rank of Π is 2 everywhere on X except at the singularities of f , where the rank drops down to zero. The regular fibres of the BLF f : X → S 2 are 2-dimensional symplectic leaves of Π. If p ∈ X is a critical point of f contained in the singular fibre F p , then F p \ {p} is a 2-dimensional symplectic leaf of Π. In particular, the following construction of Π proves Theorem 1.1.
The idea of the construction is to use the Poisson structures π C , π Γ , and π F , described respectively in Propositions 3.2, 3.4 and 3.5 as the building blocks for Π. We will define Π as π F away from the singularities of f , as π Γ close to the circle singularities, and as π C close to the isolated Lefschetz singularities. At some point we will need to do a smooth interpolation between π F and π Γ , π C . For this we will use Lemmas 2.8 and 2.9.
Recall that the Poisson structures π C , π Γ were respectively defined in the neighbourhoods U C and U Γ . Also recall that the definition of the open subset W ⊂ X appearing in Proposition 3.5 is done in terms of the open sets V C , V Γ that satisfy
We define
This defines Π on the complement of the set
We shall now define Π on each of the open sets forming the above union. The reader might find it useful to refer to figure 3 , that schematize a neighbourhood of a Lefschetz singularity, during the following construction. In order to define Π on each connected component of W ∩ U C start by noticing that both bivectors π F and π C were already defined on this set by Propositions 3.5 and 3.2. Moreover, according to those propositions, when restricted to this open set, both bivectors define regular rank two Poisson structures possessing the same symplectic foliation. Hence, by Lemma 2.9, there exists a non-vanishing C ∞ function g such that on the component of W ∩ U C that we are working with. By changing π C to −π C if necessary, we can assume that g is positive. We now consider a partition of unity, defined by two nonnegative auxiliary smooth cut-off functions σ and τ defined on a small neighbourhood Z around our connected component of W ∩ U C that satisfy:
In addition we require that σ + τ = 1 everywhere on Z (see figures 3 and 4). We can now extend Π to W ∩ U C by defining
This is a smooth interpolation between the definitions of Π on V C and on
Notice that Π as defined above is a Poisson structure (satisfies Jacobi identity) on W ∩ U C in virtue of Lemma 2.8.
Since the function gσ + τ is non-negative, we conclude that the symplectic leaves of Π on W ∩ U C coincide with the symplectic leaves of π F . By Proposition 3.5 these are the pieces of the fibres of the BLF f : X → S 2 that lie within W ∩ U C .
The extension of Π to W ∩ U Γ is analogous. Therefore we have produced a Poisson structure with the claimed properties. Finally, since the closure of every symplectic leaf in our construction is compact, the Poisson structure we obtain is complete.
THE INDUCED SYMPLECTIC FORMS ON THE FIBRES NEAR THE

SINGULARITIES
In this section we give explicit formulae for the symplectic forms on the fibres coming from the Poisson structure defined on X. In particular, we will depict the symplectic forms near the isolated critical points and the singular circles. As expected, when approaching C and Γ the symplectic forms tend to infinity, while the corresponding Poisson bi-vector goes to zero. The precise rate at which this blow up takes place is elucidated in Propositions 4.1 and 4.2 below.
4.1. Symplectic form near the Lefschetz singularities. As explained in Section 3.1, the relevant Poisson structure in this case is π C on B 4 as defined by (3.1) . Recall that the bracket has the Casimir functions:
The symplectic leaves of the bracket are 
are annihilated by dC 1 (p) and dC 2 (p). Hence they are tangent to Σ p = L c 1 ,c 2 at p. Moreover, they are orthonormal with respect to the euclidean metric
on B 4 . Using the matrix representation of π C given in (3.2) one can check that B p (α p ) = u p , where
. Therefore, in view of (2.2) we have
We can now prove the following. 
where ω Area is the area form 2 on Σ p induced by the euclidean metric on B 4 .
Proof. Assume that x 2 1 + y 2 1 = 0. Given that u p , v p defined by (4.1) are orthonormal with respect to the euclidean metric we have
The result now follows from (4.2). Indeed, since the symplectic leaf Σ p is 2-dimensional, the 2-forms ω Σp and ω Area evaluated at p must be proportional.
If x 2 1 + y 2 1 = 0 but x 2 2 + y 2 2 = 0, the same argument can be applied to the vectors
In this case B p (α p ) = u p , where
Therefore,
4.2. Symplectic forms near the singular circles. In analogy with Proposition 4.1 we have
where ω Area is the area form 3 on Σ p induced by the metric
We proceed analogously as we did in Section 4.1. In this case the symplectic leaf Σ p consists of points having the same θ coordinate as p and belonging to the level set that contains p of the Casimir function
First assume x 2 2 + x 2 3 = 0. The tangent vectors at p u p = 1
are annihilated by dθ and dG(p) so they are tangent to Σ p . Moreover, they are orthonormal with respect to the metric ds 2 = dθ 2 + dx 2 1 + dx 2 2 + dx 2 3 . Hence
On the other hand we have v p = B(β p ) where
. 3 We are assuming that ωArea and ωΣ p define the same orientation of Σp. Otherwise a factor of −1 should be included in the formula.
Therefore, in view of (2.2) we have
The result now follows since ω Σp (p) and ω Area (p) are proportional as Σ p has dimension 2. If x 2 = x 3 = 0 and x 1 = 0, the same argument can be applied with the vectors
This time
so we get
The sign ambiguity that arises when x 1 < 0 is fixed by selecting the orientation of ω Area (p) to coincide with that of ω Σp (p). 
. A Morse function is called of indefinite type if it has no maximum nor minimum. Consider the Morse 1-form df ∈ Ω 1 (Y ) and denote by t the angle parameter of S 1 .
The manifold X constructed above is also an example of a near-symplectic manifold. On a smooth, closed, oriented 4-manifold, a closed 2-form ω is near-symplectic if either it is non-degenerate, or it vanishes on a finite collection of disjoint circles. This weaker condition makes near-symplectic 4-manifolds more abundant than symplectic ones. If a smooth, oriented 4-manifold X is compact and a certain topological condition holds (b
Definition 5.1 ([3] ). Let X be a smooth oriented 4-manifold. Consider a closed 2-form ω ∈ Ω 2 (X) such that ω 2 ≥ 0 and such that ω p only has rank 4 or rank 0 at any point p ∈ X, but never rank 2. The form ω is called near-symplectic, if for every p ∈ X, either (i) ω 2 p > 0, or (ii) ω p = 0, and Rank(∇ω p ) = 3, where ∇ω p : T p X → Λ 2 T * p X denotes the intrinsic gradient of ω.
It was shown in [13] that the zero set Z ω = {p ∈ X | ω p = 0} of a near-symplectic form ω ∈ Ω 2 (X) is a smooth 1-dimensional submanifold.
The following 2-form equips X with a near-symplectic structure.
Here * denotes the Hodge * -operator, which is defined with respect to the product metric on S 1 × Y . The singular locus Z ω = {p ∈ X | ω p = 0} is in this case S 1 × Crit(f ).
An underlying near-symplectic structure ω on X determines a decomposition of the normal bundle of the singular circles into two subbundles. One of these subbundles is of rank 1. A component of Z ω over which this line bundle is topologically trivial is called even, and the one for which it is nontrivial is called odd [13] . These correspond to the cases when the normal bundle of the fold singularity is orientable or not (respectively).
In [3] a close relationship between near-symplectic 4-manifolds and BLFs (under the name of singular Lefschetz fibrations) was established. When X is compact and b + 2 > 0, Theorem 1 in [3] proves that there exists a BLF whose fold singularities Γ correspond exactly to the singular locus of a near-symplectic form. So we may now endow such an X with a singular rank 2 Poisson structure, following the construction in the proof of our main theorem.
As remarked in the introduction-and computed explicitly in the previous section-the symplectic forms ω Σp associated to the Poisson bi-vector Π tend to ∞ as they approach the singular sets C and Γ of the BLF in question. In contrast, the near-symplectic form ω is positive on C and vanishes on Γ.
5.2.
Connected sums with S 2 ×S 2 and complex projective planes. Hayano provides explicit examples of broken Lefschetz fibrations on 4-manifolds including connected sums with copies of S 2 × S 2 , and complex projective spaces, among others [7] . These are examples of BLFs with fibres 2-spheres or 2-tori, which are known in the literature as genus-1 broken Lefschetz fibrations.
In particular, the manifold S 2 ×S 2 has a broken Lefschetz fibration f : S 2 × S 2 → S 2 with two Lefschetz type singularities and one circle of folds. The connected sum S 2 × S 2 #S 2 × S 2 is the total space of a BLF with four Lefschetz singularities and one singular circle. For a more general case see [7] . Our main theorem equips these manifolds with Poisson structures whose generic symplectic leaves are precisely these 2-spheres and 2-tori fibres.
5.3. 4-sphere. Our construction shows that the 4-sphere is an example of a 4-manifold that admits a Poisson structure of generic rank 2, but no nearsymplectic structure, as H 2 (S 4 ) 0.
In the work of Auroux, Donaldson and Katzarkov it was shown that there is a singular fibration via a BLF f : S 4 → S 2 [3] . There is one singular circle that gets mapped to the equator of S 2 . The total space gets a decomposition into three pieces that are glued together. Over the northern hemisphere D 2 N ⊂ S 2 the fibres are 2-spheres and f −1 (D 2 N ) S 2 × D 2 := X + . Fibres over the southern hemisphere D 2 S are 2-tori and the f −1 (D S ) T 2 × D 2 := X − . Over the equatorial strip E = S 1 × I lies the product of the singular circle S 1 with the standard cobordism from T 2 to S 2 , which is diffeomorphic to a solid torus with a ball removed. That is f −1 (E) S 1 × ((S 1 × D 2 ) \ B 3 ). Near the circle of folds, a Poisson structure of rank 2 on associated to this fibration on S 4 can be described as in equation (3.3). On the regular regions X + and X − the Poisson bivector gets defined by the symplectic form of S 2 and T 2 with a transition between regular and singular regions defined as in our main theorem's proof.
